AYRISIK KONUMLARDA ARTAN TUREVLER ACILIMI
(AKATA), TAYLOR TOPLAMDIZI
ACILIMLARI ILE KARSILASTIRIM

OZET

Bilimcil yazinda, agik yapisi verilen bir islevi yaklastirmak icin kullanilan bircok
yontem bulunmaktadir. Bu yaklagtinmlarin bir yolu sonlu gokterimliler geklinde
yazilamayan iglevleri, sonsuz bilesenli cokterimliler seklinde yazip kesmelerle
yanilgr degeri diisitk toplamdiziler elde etmektir. En c¢ok kullamlan yontemler
Taylor toplamdizileri veya dikgen cokterimlilerin dogrucul birlegsimlerinden olugan
sonsuz toplamdizilerden kesmeler ile elde edilen yaklagtinm y&ntemleridir. Taylor
toplamdizileri iglevleri artan tiirev degerlerini iceren bilesenleri yardimiyla goster-
mektedir. En yaygin olarak kullanilanlar tek degiskenli iglevler iizerinde olsa
bile cokdegiskenli iglevler igcin de olusturulmus yapilar bulunmaktadir. Taylor
toplamdizi a¢iliminda bilegenler olusturulurken her bir tiirev degeri tek bir agilim
konumunda belirlenmektedir. Savda yer alan “Ayrigik Konumlarda Artan Tiirevler
Acgilimi (AKATA)” yontemi ise Taylor toplamdizi agiliminin dzelsizlegtirimi olarak
diistiniilmiis ve gosterilimde kesmeler yaparak tek degiskenli iglevlere yaklastirim
yontemi olarak ortaya atilmigtir. AKATA “tiirevin timlevi 6zdegligine” dayanan
bir yontemdir ve Ozdegligi degigik araliklarda ve yineli bir bicimde kullanarak
olusturulmustur. Bu araliklarin bir ucu birbirinden degisik degeri olan diigiim
konumlari iken diger ucu bagimsiz de8isken olarak verilmektedir. Her bir tiirev
degeri, degisik diigiim konumu degerlerinde belirlenmekte ve taban cokterimlileri
bu degerlere bakarak belirlenmektedir. Dolayisiyla tiim diigiim konumlarinin ayn
alindign 6zel AKATA durumunda AKATA ve Taylor toplamdizilerinin eslestigi
sOylenebilir. Savda iki diigiim konumunun devirli olarak kullanildig1 6zel AKATA
durumu ele alinmig ve bununla ilgili bagintilandirimlar elde edilmistir. Yontem
Taylor toplamdizileri ile yakindan iliskili oldugu i¢in uygulama yoniinde ucaycil
tekillige sahip birtakim islevlerle calisilmis ve hem ydntemin nasil ¢aligti1 gdsterilmig
hem de Taylor toplamdizileri ile AKATA sonuglan karsilastinlmistir. Bu bulgular
cesitli ¢izim ve cizelgeler yardimiyla desteklenmistir. Tek degiskenli iglevler salt
gercel degerler icin gecerli olmak zorunda olmadigindan gergellikten karmagiklhiga
gecis konusu da ele alinmistir.  Bu yapilirken “Saptirrm Acilimlar” y&nteminden
yararlanllmistir. ' Yontem bir yaklastinm yontemi oldugundan yakinsayis bdlgesi
saptayis1 dnem kazanmaktadir. Bu yapilirken yine AKATA ve Taylor toplamdizilerinin
yakinsaklik bolgeleri karsilastinlmisti.  AKATA diigiim konumlarinin birden ¢ok
olusu durumunda yakinsaklik bolgesi degisik yapilar olarak ortaya ¢ikacaktir. Savda
tiim bu belirtilen olgular ve bulgular esliginde diizenleyis s6z konusu olmaktadir.
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SEPARATE NODE ASCENDING DERIVATIVES EXPANSION
(SNADE), COMPARISON WITH TAYLOR
SERIES EXPANSION

SUMMARY

Scientific literature involves many methods for the approximation of a given univariate
or multivariate function. One group of these methods have been developed to construct
infinite series to represent certain given functions in such a way that the finitely many
additive components including truncations of the produced infinite series can be used
as approximations to the target function. Truncations are expected to represent the
target function in a quality increasing as the trunction’s component population grows.
If this happens then one can mention the convergence of the infinite series. Otherwise,
the divergence may be encountered by depending on how quality changes. In many
practical applications divergence can be cured by using rather nonlinear algorithms
like Borel summation even though these algorithms is kept out of the scope of this
thesis.

The abovementioned infinite series are constructed over the rather much simpler
structured functions like certain orthogonal polynomials for the case of univariance
or orthogonal multinomials for the case of multivariance with certain weight functions
behaving same as or different than unit constant functions at least in the orthogonality
domain of the independent variables. The set of basis function can be constructed in
accordance with various different philosophies. As mentioned above orthogonality is
one of the important issues and in many cases are somehow related to the interpolation

even though more general and more robust interpolative methods are also in widely
use.

We do not intend to attempt for making a complete classification of these simpler
functions which can be called “basis functions”. However we need to emphasize on
one quite specific basis function set which is composed of monomials proportional to
integer powers of independent variable(s). Taylor series or their very specific forms,
Maclaurin series are such infinite series. They are not only for univariate functions
and can be constructed for some multivariate functions under certain appropriate
conditions, even though the convergence investigation is of course more easy for the
case of univariance, as long as some very specific multivariate functions are not on the
focus.

Taylor and therefore Maclaurin series represent a univariate function in ascending
derivative values. These series expansions are based on the very well known “integral
of derivative” identity. When obtaining components in these series, each derivative
value is calculated at a single nodal point which is zero for Maclaurin series while their
nonzero values correspond to Taylor series. Both type series’ convergence can be better
investigated on the complex plane of the independent variable and the singularities of
the target function arise most important agents in the investigations. The singularity
investigation stands as a quite comprehensive issue and is basically based on the
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Cauchy contour integrals. Even this issue is not deeply recalled in this thesis, its certain
important aspects are revisited when they are needed somewhere in this thesis.

In this thesis, we propose and focus on a new method, method we call “Separate
Node Ascending Derivatives Expansion” which can also be called as an acronym
SNADE. SNADE has been developed as a result of the studies realized by Metin
Demiralp and his group members. SNADE is closely related to Taylor Series. It can be
considered as if a new Taylor Series Expansion. The method is based on the “integral
of derivative” identity like Taylor Series. To formulate the SNADE, this identity is used
repetitiously but not on the same interval. One of the boundaries of these intervals are
different nodal points while the other ones are located on the position represented by
the independent variable. Each derivative value is evaluated at a different nodal value
and basis polynomials are determined by these values. So it can be said that SNADE
involves Taylor Series as a specific case where all nodes match.

Although SNADE has been declared as based on multi nodes this must not be taken as
denumerable infinitely many nodal points. Uniqueness is not mandatory in the nodal
points. Finitely or infinitely many of them may be equivalent and this may facilitate
the method’s construction and practical utilization. For example, in our studies we
focus on a specific case where the SNADE nodal sequence is composed of elements
alternating between two nodal values and we obtain related formulae therein. Because
the method is closely related to Taylor Series, in implementations it is studied with
functions which have polar singularities and two actions have been realized: (1) it
has been shown how the method works and the results of the Taylor Series and the
SNADE have been compared. These findings were supported by various figures and
tables. Even though the SNADE is considered for real valued univariate functions it
is in fact defined in a more general way including the complex variables and complex
planes. For this situation, it has been taken support from Perturbation Theory. Since the
method is an approximation method, it is important to identify a region of convergence.
While this was done, regions of convergence of the SNADE and Taylor Series were
compared. If there are more than one nodal point in SNADE, this region will appear
as different structures.

Thesis is organized as follows. Second section focuses on the main philosophy for
the decomposition of the given univariate function via SNADE and theoretical and
mathematical correlations related to the method are explained.

In the third section, firstly explicit expressions of basis polynomials in the two-node
SNADE and recursion correlations between them are obtained. In the context of these
correlations, convergence investigations of the method have been carried out. As a
result of these investigations, the validity of the two-node SNADE has been proven.
The functions discussed up to this stage of the thesis have been selected as analytical
in all finite regions.

However, in the fourth section, the rational functions which have polar singularities are
analyzed in detail. Numerical implementations have been realized by using theoretical
findings obtained in the previous sections. In some of these implementations, the
results of comparisons between Taylor series which are well-known in scientific
literature and the SNADE have also been shown in this section.

In the fifth section, wider investigations were conducted regarding the convergence of
the SNADE, including complex values. Therein, Borel summation type algorithms
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have also been brought to the scene. Although we have declared that these types
of divergence will be kept out of the scope of this thesis this is not a complete

contradiction since we use the relevant theory’s very limited aspects not comprehensive
recall from it.

The sixth section finalizes the thesis with the concluding remarks. Therein, not only
important findings but also some remarks have been given in itemized format,
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